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Nonsymmoprhic symmetries, such as screw rotations or glide reflections, can enforce band cross-
ings within high-symmetry lines or planes of the Brillouin zone. When these band degeneracies are
close to the Fermi energy, they can give rise to a number of unusual phenomena: e.g., anomalous
magnetoelectric responses, transverse Hall currents, and exotic surface states. In this paper, we
present a comprehensive classification of such nonsymmorphic band crossings in trigonal materials
with strong spin-orbit coupling. We find that in trigonal systems there are two different types of
nonsymmorphic band degeneracies: (i) Weyl points protected by screw rotations with an accordion-
like dispersion, and (ii) Weyl nodal lines protected by glide reflections. We report a number of
existing materials, where these band crossings are realized near the Fermi energy. This includes
Cu2SrSnS4 and elemental tellurium (Te), which exhibit accordion Weyl points; and the tellurium-
silicon clathrate Te16Si38, which shows Weyl nodal lines. The ab-initio band structures and surface
states of these materials are studied in detail, and implications for experiments are briefly discussed.
I. INTRODUCTION
The famous non-crossing theorem by Wigner and von
Neumann [1] states that Bloch states with the same sym-
metry cannot be degenerate at a generic point in the Bril-
louin zone (BZ), which prevents the formation of band
crossings. Instead, when two Bloch bands of the same
symmetry approach each other at a generic momentum,
they start to hybridize and undergo an avoided level
crossing. However, the non-crossing theorem does not
apply to bands with non-trivial wavefunction topology,
which can form topologically protected band degenera-
cies [2–6]. When these band crossings are in the vicinity
of the Fermi energy, they lead to a range of interesting
phenomena, such as arc and drumhead surface states [7–
13], transverse topological currents [4, 5, 14], and anoma-
lous magnetoelectric responses [15], which could poten-
tially be utilized for device applications [16, 17].
There are two different types of topological band cross-
ings, namely, accidental band crossings and symmetry-
enforced band crossings. The former are protected by
symmorphic crystal symmetries and are only perturba-
tively stable [18–20]. That is, they can be adiabat-
ically removed by large symmetry-preserving deforma-
tions of the Hamiltonian, for example, through pair an-
nihilation. Examples of accidental band crossings include
Dirac points and Dirac lines that are protected by space-
time inversion, reflection, or rotation symmetry [21–26].
Symmetry-enforced band crossings [15, 27–38], on the
∗ yanghao@umich.edu
† a.schnyder@fkf.mpg.de
other hand, arise in the presence of nonsymmorphic sym-
metries and are globally stable, i.e., they cannot be re-
moved even by large deformations of the Hamiltonian.
In other words, these band crossings are required to exist
due to nonsymmorphic symmetries alone, independent of
the chemical composition and other details of the mate-
rial. This fact allows us to construct the following strat-
egy to discover new topological semimetals, which con-
sists of three steps: (i) identify the space groups (SGs)
whose nonsymmorphic symmetries enforce the desired
band crossings, (ii) perform a database search for mate-
rials in these SGs, and (iii) compute the electronic band
structure of these materials to check whether the band
crossings are near the Fermi energy. Previously, we ap-
plied this strategy to discover new topological semimet-
als with hexagonal symmetries [38]. Here, we extend this
analysis to trigonal systems.
There has been a number of previous works, which
considered specific types of nonsymmorphic band cross-
ings [15, 33–35] and proposed candidate materials, where
these are realized [39–42]. However, a comprehen-
sive classification of all possible nonsymmorphic band-
crossings in trigonal materials has not been performed be-
fore. We find that among the 25 trigonal SGs, six support
Weyl points with accordion-like dispersions and three
support Weyl nodal lines (see Table I). We identify sev-
eral materials, where these topological band crossings are
realized. This includes elemental tellurium (Te) with ac-
cordion Weyl points, and the trigonal high-temperature
form of Te16Si38 with Weyl nodal lines. As a byproduct
of our analysis, we also obtain the tight filling constraints
for the existence of band insulators, which are in agree-
ment with the recent literature [43, 44]. Furthermore, we
find that in trigonal materials, as opposed to hexagonal
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2Space group Weyl nodal points Weyl nodal lines Filling constraint Materials
144 (P31) Γ∆A (6) – 6N Cu2SrSnS4
145 (P32) Γ∆A (6) – 6N Cu2SrGeS4
151 (P3112) Γ∆A (6) – 6N Ag2HPO4
152 (P3121) Γ∆A (6) – 6N Te, Se
153 (P3212) Γ∆A (6) – 6N –
154 (P3221) Γ∆A (6) – 6N –
158 (P3c1) – kxkz-plane 4N –
159 (P31c) – kx = pi 4N –
161 (R3c) – kx = −ky 4N Te16Si38
TABLE I. Classification of nonsymmorphic band crossings in trigonal materials with time-reversal symmetry and strong spin-
orbit coupling. The first column lists the trigonal space groups that exhibit topological band crossings. The second and third
columns indicate the high-symmetry lines and planes in which Weyl nodal points and Weyl nodal lines appear, respectively.
The definition of the coordinate system and high-symmetry labels in the Brillouin zones are given in Fig. 1(a) and Fig. 3.
The electron fillings ν for which a band insulator is possible, are given in the fourth column, where mN denotes the set
{m, 2m, 3m, · · · }. Example materials which realize the predicted band crossings are listed in the last column.
materials [38], there exist no band crossings protected by
off-centered symmetries [35–37]. We note that our anal-
ysis takes into account the full connectivity of the bands
in the entire BZ, which goes beyond the results obtained
through symmetry indicators [45–47].
The remainder of this paper is organized as follows. In
Sec. II we classify Weyl points protected by screw rota-
tion symmetries and discuss how symmetries constrain
the multiplicities of the Weyl points. Section III is de-
voted to the study of Weyl nodal lines protected by glide
reflection. In Sec. IV we discuss the filling constraints im-
posed by the nonsymmorphic symmetries. In Sec. V we
present the example materials that realize the predicted
band crossings. Our summary and conclusions are given
in Sec. VI. In Appendix A we present additional figures of
the band structure calculations. The calculated surface
states of tellurium are shown in Appendix B.
II. NON-SYMMORPHIC NODAL POINTS
In this section we show how three-fold screw-rotation
symmetries in trigonal space groups lead to protected
Weyl points. To derive this we employ two different
approaches: (i) Using symmetry analysis we show how
the evolution of eigenvalues of the symmetry operator
along a line in the BZ enforces band crossings (Sec. II A).
(ii) Using crystallographic group theory we show how
the compatibility relations between irreducible represen-
tations (irreps) at different high-symmetry points of the
BZ [48–50] lead to enforced band crossings (Sec. II B).
We also give a brief discussion on how time-reversal and
SG symmetries lead to higher multiplicities of the Weyl
points (Sec. II C).
A. Symmetry eigenvalues
In general, a symmetry operator G = {g|~t} of a given
space group is a combination of a point group symmetry
g and a lattice translation ~t. In case of a nonsymmor-
phic symmetry the lattice translation ~t is some fraction of
the Bravais-lattice vector. Here, we are interested in the
three-fold screw rotation, which has the following form:
C3,p : (x, y, z)→ (−y, x− y, z + p
3
)⊗ (1
2
σ0 − i
√
3
2
σz) ,
(2.1)
such that p ∈ {1, 2}. Within the g-invariant space of
the BZ, i.e. where g~k = ~k, the Bloch states |ψm(~k)〉 can
be constructed to be simultaneous eigenfunctions of G
and the Hamiltonian, satisfying the following eigenvalue
equation:
C3,p|ψm(~k)〉 = eipi(2m+1)/3e−ipkz/3|ψm(~k)〉 , (2.2)
with m ∈ {0, 1, 2}. The above equation follows from
the fact that C33,p = −p~R, where ~R is a Bravais lattice
vector (here ~R = zˆ) and the minus sign arises due to
2pi rotation of the electron spin, relevant for spin-orbit
coupling. From Eq. (2.2), we observe that the eigenvalues
of C3,p evolve along the line segment ~k = (0, 0, kz) with
kz ∈ [0, pi], i.e., along the path Γ−∆−A in Fig. 1, which
is invariant under C3 rotation.
Note that the points Γ and A are time-reversal in-
variant momenta, where in the presence of time-reversal
symmetry bands pair-up with their respective Kramers
partner. In terms of the eigenvalues in Eq. (2.2) this
means that a band with real eigenvalue pairs with it-
self, while a band with complex eigenvalue pairs with the
band whose eigenvalue is the complex conjugate. Us-
ing the label m to identify the bands and corresponding
eigenvalues, we find the following pairing scenario: At the
Γ point (kz = 0) there are two Kramers pairs of bands,
namely, (1, 1) and (0, 2), irrespective of the value of p.
3p Pairings of m
1 (0,0), (1,2)
2 (0,1), (2,2)
TABLE II. This table lists how the Bloch bands |ψm(~k)〉
pair up into Kramers partners at the A point of the BZ in
materials with a three-fold screw rotation C3,p. The pairing
depends on p, i.e., the fractional lattice translation part of
C3,p, see Eq. (2.2). The right column indicates the eigenvalue
labels m of the Kramers pairs at the A point.
At the A point (kz = pi), on the other hand, Kramers
pairs depend on the value of p and pair up as indicated
in Table II. Since the bands pair up differently at Γ and
A, they show, in the absence of additional symmetries,
a nontrivial connectivity along the path Γ − ∆ − A, as
displayed in Fig. 1(b). We find that for both p = 1 and
p = 2 there are six bands forming a connected group,
which must cross at least two times, leading to two Weyl
point degeneracies with an accordion-like dispersion.
We note that the presence of additional symmetries
such as inversion or mirror, which either commute or anti-
commute with C3,p, may lead to additional degeneracies
at the high-symmetry points in the BZ. This can remove
the above discussed Weyl points. In particular, out of
the eighteen trigonal space groups with hexagonal lattice
system (P-trigonal) there are only six space groups with-
out inversion symmetry (SGs with Nos. 144, 145, 151,
152, 153, and 154). These are the only SGs which host
symmetry-enforced Weyl points with accordion-like dis-
persion, see Table I.
In passing we note that the seven trigonal space groups
with rhombohedral lattice system (R-trigonal) do not
have a nonsymmorphic three-fold screw-rotation symme-
try, but just three-fold symmorphic rotation symmetries
(i.e. p = 0 in C3,p). Consequently, the eigenvalues of
these symmorphic rotation symmetries are momentum
independent and hence there are no symmetry-enforced
Weyl points for R-trigonal space groups.
B. Compatibility relations between irreps
Next, we explain how the existence of symmetry-
enforced Weyl points can be derived form the com-
patibility relations of irreducible representations (irreps)
at different high-symmetry points/lines of the BZ [48–
50]. Here, we give a brief outline of this derivation for
SG No. 144 (P31). Additional details can be found in
Ref. [38].
Bloch bands |ψm(~k)〉 restricted to a high-symmetry
line (or point) can be labeled by the irreducible repre-
sentations (irreps) of the symmetry operators that leave
this line (or point) invariant. An irrep of a given symme-
try group can be viewed as a set of matrices which form
a group that is homomorphic to the symmetry group,
with the property that there does not exist a unitary
Irreps/Sym. Element C3
Γ¯4 −1
Γ¯5 e
−ipi/3
Γ¯6 e
ipi/3
∆¯4 e
ikz/3
∆¯5 e
i(kz−pi)/3
∆¯6 e
i(kz+pi)/3
A¯4 e
−i2pi/3
A¯5 +1
A¯6 e
i2pi/3
TABLE III. Double-valued irreps for SG No. 144 (P31) with-
out time-reversal symmetry at the points Γ and A and at
the line ∆. For the labelling of the irrpes we use the same
convention as in Ref. [50].
transformation that brings all these matrices into block
diagonal form. While these sets of matrices are not
unique, their trace (i.e., their character) is unchanged
under any unitary transformation. Therefore, for a given
high-symmetry line (or point) in the BZ one can define
a character table, which lists the irrpes and their charac-
ters for all the symmetry operations that leave this line
(or point) invariant.
Now, as we move from a high-symmetry point to a
high-symmetry line in the BZ, the symmetry is lowered,
and hence, an irrep Aσ of the high-symmetry point is,
in general, no longer irreducible for the high-symmetry
line. That is the irrep Aσ of the high-symmetry point
decomposes, in general, into smaller irreps Bi,σ of the
high-symmetry line. However, under such a decomposi-
tion the character χ of each relevant symmetry must be
preserved, i.e.,
χ(Aσ) =
n∑
i=1
χ(Bi,σ) . (2.3)
The above equation defines the compatibility relations be-
tween the irreps Aσ at a high-symmetry point and the
irreps Bi,σ at a high-symmetry line [51, 52].
We shall now use these compatibility relations to study
how the irreps decompose in SG No. 144 (P31) for the
path Γ −∆ − A, which is left invariant under the screw
rotation C3,1. Since we are interested in electronic band
structures with spin-orbit coupling, we need to consider
the double-valued irreps of SG No. 144 (P31) (see Ta-
ble III), as the identity operator is not equivalent to a
rotation by 2pi but rather by 4pi on the Bloch sphere.
At the time-reversal invariant momenta (TRIMs), Bloch
bands form Kramers pairs due to time-reversal symme-
try. This means that at the TRIMs pairs of complex
conjugate irreps combine together to form a time-reversal
symmetric irrep [51, 52]. For the 1d irreps of Table III
we can construct these time-reversal symmetric irreps by
inspection. At the Γ point we find that the time-reversal
symmetric irreps are given by the direct product of Γ¯5
with Γ¯6 and Γ¯4 with itself. Similarly, at the A point the
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FIG. 1. (a) Bulk BZ (black lines) for trigonal space groups with hexagonal lattice systems (P-trigonal). The high-symmetry
points and lines are indicated in red. The green lines show the surface BZ for surfaces perpendicular to the (-110) direction.
(b), (c) Kramers pairings and band connectivity diagrams for the Γ−∆− A line of the hexagonal BZ, which is left invariant
by the three-fold screw rotation C3,p. Here, we focus on the case p = 1, e.g., on SG No. 144 (P31). (Similar band crossings are
also realized for p = 2.) The left panels in (b) and (c) indicate how the Bloch bands |ψm(~k)〉 pair up into Kramers partners at
the time-reversal invariant momenta Γ and A, see Tables II and III. The right panels in (b) and (c) show the band connectivity
diagrams along the path Γ −∆− A. Six bands form a connected group with at least two symmetry-enforced Weyl points, as
explained in the text. In (b) the bands are marked by their C3,p eigenvalue label m, while in (c) they are marked by their
double-valued irreps ∆¯i.
time-reversal symmetric irreps are given by the direct
product of A¯4 with A¯6 and A¯5 with itself, see Fig. 1(c).
As we move from the TRIMs Γ and A to a point on the
high-symmetry line ∆, the two-dimensional time-reversal
symmetric irreps decompose into one-dimensional irreps,
according to Eq. (2.3), see left part of Fig. 1(c). Connect-
ing the respective irreps that split away from the points
Γ and A we find that the bands connect in a non-trivial
way, with a minimum number of two Weyl point cross-
ings, as shown in the right part of Fig. 1(c). This is in
exact agreement with the symmetry analysis presented
above. Similar analysis can be done for the remaining
five space groups of Table I and we find perfect agree-
ment therein.
C. Weyl point multiplicities
So far we have only discussed the appearance of Weyl
points on the Γ − ∆ − A line. However, it follows from
symmetry arguments together with the fermion doubling
theorem [53] that these cannot be the only Weyl points
in the BZ. This is because (i) there has to be another
Weyl point away from the Γ−∆− A line with opposite
chirality, since the chiralities of all Weyl points formed
by one pair of bands must cancel out to zero [53]; and
(ii) time-reversal and SG symmetries lead to additional
copies of the Weyl points that are located away from the
Γ − ∆ − A line. Using these arguments, we now deter-
mine for each SG the minimum number of Weyl points
that is compatible with the symmetries and the fermion
doubling theorem. To do so, we first note that we can di-
vide the BZ into two parts, an upper part with kz ∈ [0, pi]
and a lower part with kz ∈ [−pi, 0], which are related by
time-reversal symmetry. Hence, it is sufficient to analyze
the Weyl point configuration in the upper part; the con-
figuration in the lower part can be obtained by applying
time-reversal symmetry (see Fig. 2). For concreteness,
we assume in the following that the Weyl points at the
Γ−∆−A line have positive chirality +1.
a. SG Nos. 144, 145, 151, and 153.— Band struc-
tures in SG Nos. 144 and 145 possess only two symme-
tries: the three-fold screw rotation along the kz axis C3,p
and time-reversal symmetry. In order to cancel the +1
chirality of the Weyl point at the Γ − ∆ − A line, we
need to place a negative chirality Weyl point somewhere
else in the BZ. If we put it at an arbitrary position, the
screw rotation C3,p would generate two more copies with
the same chirality, leading to an overcompensation. In-
stead, in order to construct a Weyl point configuration
with minimal multiplicity, we need to put the negative
chirality Weyl point at one of the other two C3,p-invariant
lines, i.e., either on K−P −H or on K ′−P ′−H ′. With
this, the chiralities cancel out and we obtain a minimal
Weyl point multiplicity of four, see Fig. 2(a).
SG Nos. 151 and 153 possess an additional two-fold
screw rotation along the ky axis, which however does not
affect the above argument. Hence, also in these SGs the
minimal Weyl point multiplicity is four.
b. SG Nos. 152 and 154.— SG Nos. 152 and 154
contain, besides the three-fold screw rotation C3,p, a
two-fold rotation C2 along the (110) axis, which maps
(kx, ky, kz) → (kx,−ky,−kz). This C2 rotation puts ex-
tra constraints on the multiplicity of the Weyl points. To
find these constraints we combine the C2 rotation with
time-reversal symmetry, yielding the mirror symmetry
(kx, ky, kz) → (−kx, ky, kz) [dashed lines in Fig. 2(b)].
If we now put a negative chirality Weyl point on the
K−P −H line, the mirror symmetry would generate an-
other negative chirality Weyl point at the K ′ − P ′ −H ′
line, leading to an overcancellation. Instead we place
positive chirality Weyl points both at K − P − H and
K ′−P ′−H ′, which we then compensate by negative chi-
rality Weyl points on the three mirror planes, as shown
in Fig. 2(b). This configuration of twelve Weyl points has
minimal multiplicity, satisfies all the symmetries, and has
50 < kz < pi 0> kz > −pi
+
+
+
+
+
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(a) SG Nos. 
144, 145,
151, 153
(b) SG Nos. 
152, 154
FIG. 2. Weyl point configuration with minimal multiplic-
ity for the six trigonal SGs with symmetry-enforced Weyl
points (see Table I). The red and blue hexagons represent
the top view of the upper and lower parts of the hexago-
nal BZ, which are related by time-reversal symmetry. The
brown and green dots indicate the positions of the Weyl points
with positive and negative chirality, respectively. (a) In SG
Nos. 144, 145, 151, and 153 the minimal Weyl point multi-
plicity is four. Weyl points with the same chirality are related
by time-reversal symmetry. (b) In SG Nos. 152 and 154 the
minimal Weyl point multiplicity is twelve. Weyl points with
the same chirality are related by time-reversal symmetry and
the mirror symmetries indicated by the dashed lines.
zero total chirality.
III. NON-SYMMORPHIC NODAL LINES
Using the techniques discussed in the previous section
we will now prove that glide-reflection symmetries lead to
symmetry-enforced nodal lines in materials with trigonal
space groups. As before, this derivation is base on (i) the
momentum-dependence of the symmetry eigenvalues and
(ii) the compatibility relations between irreps.
A. Symmetry eigenvalues
We consider glide mirror symmetries M with a frac-
tional shift of one half of the lattice constant along
the z axis. Applying these symmetries twice we obtain
M2 = −zˆ, where the minus sign is due to the 2pi rotation
of the electron spin. From this it follows that the eigen-
values of the Bloch wavefunctions in the mirror planes
are given by
M |ψ±(~k)〉 = ±ie−ikz/2|ψ±(~k)〉 . (3.1)
The mirror planes contain either two or four TRIMs at
which the Bloch bands are Kramers degenerate (blue and
red dots in Fig. 3). It follows from Eq. (3.1) that the
M eigenvalues of the Bloch bands at the TRIMs A, L,
Г A
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FIG. 3. (a) Band connectivity diagram for a path within
the kxkz-plane of the hexagonal BZ of SG No. 158 connecting
Γ to A [see panel (b)]. The color indicates the glide-mirror
eigenvalues (3.1) of the Bloch bands. (b)-(d) Weyl nodal lines
(purple solid and dashed curves) protected by glide-mirror
symmetries for (b) SG No. 158, (c) SG No. 159 and (d) SG
No. 161 are shown in the respective bulk BZs. The TRIMs are
indicated by the blue and red dots and the mirror planes are
shown in green and orange. For SG Nos. 158 and 161 there
are two nodal lines separating the blue from the red TRIMs.
Depending on the dimensionality of the irreps at the A point
(Z point) these nodal lines either touch (dashed curves) or do
not touch (solid curves) the A point (Z point). In SG No. 159
there is a nodal line in the kx = pi plane enclosing a single
TRIM. Note that there are different possibilites for the shape
and connectivity of the nodal lines; here we only show the
simplest one.
and Z are ±1, while at the TRIMs Γ, M , and F they
are ±i. Due to the anti-unitary time-reversal symmetry,
at Γ, M , and F the Kramers pairs are formed between
bands with opposite M eigenvalues (blue dots), while at
A, L, and Z they are formed between bands with the
same eigenvalues (red dots). Hence, as we move from
a blue TRIM to a red TRIM the Kramers pairs must
switch partners. In the absence of additional symme-
tries this leads to a non-trivial band connectivity with a
symmetry-enforced band crossing [see Fig. 3(a)]. Since
this is true for any path connecting a blue TRIM to a
red TRIM, the Weyl band crossings occur along a one-
dimensional line separating the blue TRIMs from the red
TRIMs [see Figs. 3(b)-(d)]. We note that the presence of
additional symmetries, in particular inversion, leads to
additional degeneracies, thereby invalidating the above
argument. Thus, symmetry-enforced nodal lines only oc-
cur in SGs with a mirror-glide symmetry but no inversion
symmetry. Among the trigonal SGs there are only three
6Irreps/Sym. Element M010
Γ¯4 −i
Γ¯5 +i
Γ¯6
(
0 e−ipi/3
e−i2pi/3 0
)
A¯4 +1
A¯5 −1
A¯6
(
0 eipi/6
e−ipi/6 0
)
M¯3 −i
M¯4 +i
D¯3 −ieikz/2
D¯4 +ie
ikz/2
L¯3 +1
L¯4 −1
TABLE IV. Double-valued irreps of SG No. 158 (P3c1) with-
out time-reversal symmetry at the TRIMs Γ, A, M , and L,
and the plane D (i.e., the kxkz-plane), see Fig. 3(b). We use
the same convention as in Ref. [50] for labelling the irreps.
SGs satisfying these criteria, namely Nos. 158, 159, and
161.
SG No. 158 (P3c1) has hexagonal lattice system (P-
trigonal) and contains the glide-mirror symmetry
M010 : (x, y, z)→ (x, x− y, z + 1
2
)⊗ (− i
√
3
2
σx − i
2
σy) ,
(3.2)
which leaves the kxkz-plane invariant. Following the
above arguments we find that this glide-mirror symme-
try leads to two nodal loops in the kxkz-plane, which
separate the red TRIMs from the blue TRIMs, as shown
in Fig. 3(b). If the irrep at the A point has dimension
four (instead of two), these nodal lines touch the A point
[dashed curve in Fig. 3(b)]. We note that these nodal
loops must be symmetric under time-reversal symmetry
and the point-group operations of SG No. 158, but are
otherwise free to move within the mirror plane.
SG No. 159 (P31c) has also hexagonal lattice system
(P-trigonal) and contains the glide-mirror symmetry
M210 : (x, y, z)→ (−x,−x+ y, z+ 1
2
)⊗ ( i
2
σx +
i
√
3
2
σy) ,
(3.3)
which leaves both the kx = 0 and the kx = pi planes
invariant, see Fig. 3(c). Both mirror planes have two
TRIMs, between which the Kramers pairs change part-
ners. Hence, according to the above arguments, there
should be nodal lines in both mirror planes, which en-
circle either the Γ/M or A/L points. However, at the
A point there exist four-dimensional irreps, leading to a
four-fold band degeneracy. For this reason, symmetry-
enforced nodal lines generically occur only in the kx = pi
plane, but not in the kx = 0 plane [54].
SG No. 161 (R3c) has rhombohedral lattice system (R-
trigonal) and contains the glide mirror symmetry
M110 : (x, y, z)→ (−y,−x, z + 1
2
)⊗ (− i
√
3
2
σx − i
2
σy) ,
(3.4)
which leaves the plane kx = −ky invariant, see Fig. 3(d).
As in SG No. 158, this glide-mirror symmetry gives rise
to two nodal lines separating the two red TRIMs from
the two blue TRIMs. If the bands transform at the Z
point under an irrep with dimension four (instead of two),
then the nodal lines touch the Z point [dashed curve in
Fig. 3(d)].
B. Compatibility relations between irreps
The existence of symmetry-enforced nodal lines can
also be derived from the compatibility relations between
irreps. Here, we present this derivation for SG No. 158
(P3c1). The derivation for SG Nos. 159 and 161 proceeds
in a very similar way.
For SG No. 158 the relevant high-symmetry plane is
the plane D (i.e., the kxkz-plane), which is left invariant
under the glide-mirror symmetry M010, Eq. (3.2). This
mirror plane contains the four TRIMs Γ, A, L, and M .
To determine the connectivity of the bands we first need
to derive the irreps at these four TRIMs and at the D
plane. The double-valued irreps without time-reversal
symmetry are listed in Table IV. We find that these ir-
reps are all complex with the exception of Γ¯6, which is
pseudoreal. Pseudoreal irreps are time-reversal invariant
by themselves, while complex irreps need to be paired
up to construct time-reversal invariant irreps [51, 52] (cf.
Fig. 4). Note that at the A point there are both two-
dimensional and four-dimensional time-reversal invariant
irreps. The decomposition of these time-reversal invari-
ant irreps, as we move from a TRIM to a nearby point
in the mirror plane D, can be inferred from Eq. (2.3), or
alternatively from the program DCOMPREL on the Bilbao
Crystallographic Server [50]. The resulting compatibility
relations are depicted in Figs. 4(a), 4(c), and 4(e). Us-
ing these compatibility relations, we can now construct
the band connectivity diagrams for a path within the D
plane that connects two TRIMs, see Figs. 4(b), 4(d), and
4(f). We observe that for any path connecting Γ/M to
L, there must be at least one band crossing. The same
is true for paths connecting Γ to A or M to A, albeit
here the band crossings can be pinned at the A point,
if the corresponding irrep is four dimensional. Hence,
the D plane must contain at least two Weyl nodal lines
enclosing the Γ and M points, as shown in Fig. 3(b).
IV. FILLING CONSTRAINTS
According to band theory, a noninteracting band in-
sulator can only exist if the electron filling ν is an even
integer, i.e., ν ∈ 2N. Vice versa, materials with ν /∈ 2N
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FIG. 4. (a), (c), (e) Kramers pairings and compatibility relations for SG No. 158 (P3c1) between the irreps at the TRIMs
and at a point in the mirror plane D (i.e., a point in the kxkz-plane). (b), (d), (f) Band connectivity diagrams for SG No. 158
for paths within the D plane connecting two TRIMs. Due to these nontrivial band connectivities the D plane must contain at
least two Weyl nodal lines, see Fig. 3(b).
must necessarily by (semi-)metals. In materials with
nonsymmorphic symmetries, however, these filling con-
straints are more rigid. This is because nonsymmorphic
symmetries enforce band crossings, that lead to groups
of more than two connected bands. Thus, using the anal-
ysis form Secs. II and III we can derive the more rigid
filling constraints. For example, for SG No. 144 (P31) we
observe that along the Γ −∆ − A line six bands form a
connected group. Thus, in an insulator with SG No. 144
this group of six bands must be fully filled, i.e., the elec-
tron filling ν must be an element of 6N. Using these
arguments we have derived the filling constraints for all
the nonsymmorphic trigonal space groups, see fourth col-
umn of Table I. These results are in full agreement with
the analysis of Ref. [44].
V. EXAMPLE MATERIALS
Having identified the SGs whose nonsymmorphic sym-
metries enforce Weyl points and Weyl nodal lines, we
can now perform a database search for materials in these
SGs. We look for suitable compounds in the ICSD
database [55], the AFLOW database [56], and the Mate-
rials Project database [57, 58], which yields four materials
with accordion Weyl points and one material with Weyl
nodal lines.
For each of these example materials we perform elec-
tronic band structure calculations with the Vienna ab
initio simulation package (VASP) [59, 60], using the pro-
jector augmented wave (PAW) method [61, 62] and the
PBE [63] and mBJ [64, 65] exchange-correlation func-
tionals. As input for the ab initio calculations we use
the experimental crystal structures of Refs. [66–70]. In
the following we discuss the band structures along those
high-symmetry lines/planes where the predicted band
crossings occur. The full band structures along all high-
symmetry directions of the BZ are presented in Ap-
pendix A. For two examples we also compute surface
states using tight-binding models constructed from Wan-
nier functions [71].
FIG. 5. Electronic band structure of Cu2SrSnS4 in SG
No. 144 (P31) computed with the mBJ functional [64, 65].
The band crossings along the Γ–∆–A line are symmetry-
enforced by the screw rotation C3,1, see Sec. II.
A. Materials with Weyl nodal points
Here, we present four materials which exhibit Weyl
nodal points with accordion-like dispersions.
a. Cu2SrSnS4 and Cu2SrGeS4— The chalcogenide
Cu2SrSnS4, which crystallizes in SG No. 144 (P31) [66,
72], is an example of a material with Weyl points along
the Γ–∆–A line, as discussed in Sec. II. The electronic
band structure computed with the mBJ functional, see
Figs. 5 and 10(a), shows a band gap of about 1.1 eV,
which is somewhat smaller than the experimentally re-
ported value of 1.78 eV [72]. We observe in Fig. 5 that
there are groups of 6n connected bands between Γ and
A, which form a large number of Weyl points. This is
in full agreement with the band connectivity diagrams of
Figs. 1(b) and 1(c). The Weyl points of Cu2SrSnS4 are
symmetry protected by the screw rotation C3,1, Eq. (2.1).
Their topological stability is ensured by quantized Chern
numbers. Due to the bulk boundary correspondence,
these Chern numbers lead to arc surface states. Unfor-
tunately, due to the large band gap of ∼ 1.8 eV, it will
8FIG. 6. (a) First-principles band structure of silver hydro-
gen phosphate Ag2HPO4 in SG No. 151 (P3112) computed
with the mBJ functional. The band crossings along the Γ–
∆–A line are Weyl points that are symmetry enforced by the
screw rotation C3,1 (see Sec. II).
be very challenging to probe the bulk Weyl points or arc
surface states of Cu2SrSnS4 using photoemission, tun-
neling spectroscopy, or transport experiments. Perhaps,
one could try to grow Cu2SrSnS4 as a thin film on a con-
ducting substrate, which might allow to probe the Weyl
points using photoemission.
Cu2SrGeS4 is very similar to Cu2SrSnS4. It crystal-
lizes in SG No. 145 (P32) [67] and its band structure
shows a large number of Weyl points along the Γ–∆–A
line, see Fig. 10(b) in Appendix A.
b. Ag2HPO4— Silver hydrogen phosphate with the
chemical formula Ag2HPO4 is a salt, that crystallizes in
SG No. 151 [68]. According to our analysis of Sec. II,
band structures with this SG symmetry exhibit Weyl
points along the Γ–∆–A line. Figures 6 and 10(c) display
the first-principles band structure of Ag2HPO4, com-
puted with the mBJ functional. The band structure
shows a band gap of about 2.8 eV. Along the Γ–∆–
A direction we observe a group of 24 (= 6 × 4) con-
nected bands, with many crossings, similar to the band
connectivity diagrams of Fig. 1. These band crossings
are Weyl points, whose topology is characterized by a
nonzero Chern number. The nontrivial topology of these
Weyl points gives rise to arc states at the surface, which
connect Weyl points with opposite chirality. In Fig. 7 we
demonstrate this for the Weyl point marked by the gray
circle in Fig. 6. At the (-110) surface we observe an arc
state that emanates out from the projected Weyl point.
While the ab-initio band structure of Ag2HPO4 nicely
illustrates the predicted accordion states, this material
is rather unsuitable for experimental investigations. Its
large band gap and the fact that it cannot be doped eas-
ily makes it experimentally impossible to probe the bulk
Weyl points and arc surface states.
c. Te— At ambient conditions, elemental tellurium
(Te) has a trigonal crystal structure with SG No. 152
eZ
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FIG. 7. Momentum-dependent surface density of states for
the (-110) surface of Ag2HPO4 at the energy E − EF =
−0.704 eV. The crystal is terminated such that the silver
atoms “Ag3”, “Ag4”, and “Ag5” are at the top layer (see
crystal structure in inset). Yellow and black correspond to
high and low densities, respectively. The location of the pro-
jected Weyl point is marked by a gray circle, cf. Fig. 6. For a
plot of the (-110) surface BZ see Fig. 1(a).
(P3121) [69, 73]. In this structure the Te atoms form
helical chains along the z direction, which are arranged
in a hexagonal array [74]. Recent first principles calcula-
tion have shown that the valence and conduction bands
of Te at the H point exhibit several Weyl points [75, 76].
Moreover, it was found that hydrostatic or uniaxial strain
leads to a band inversion at the H point, thereby trans-
forming Te into a strong topological insulator [77].
It follows from our analysis of Sec. II, that Te exhibits
Weyl points not only at the H point, but also along the
Γ–∆–A line, which is left invariant by the screw rotation
C3,1. This is clearly visible in the ab-initio band struc-
ture calculations of Figs. 8 and 10(d), which show Weyl
points with accordion-like dispersions between Γ and A.
As before, we observe that the band connectivity fully
agrees with the theoretical prediction of Fig. 1. By the
bulk boundary correspondence, the Weyl points at the
H point and on the Γ–∆–A line lead to numerous arc
surface states, see Appendix B. These arc surface states
should be readily observable in photoemission and scan-
ning tunneling experiments.
In closing, we note that trigonal selenium (Se), which
also crystalizes in SG No. 152 (P3121) [78], has a very
similar band structure to tellurium, albeit the spin-orbit
coupling is considerably smaller [Fig. 10(e)]. Therefore,
the bands forming Weyl points along the Γ–∆–A line of
Se are only separated by less than ∼ 50 meV. This makes
the experimental detection of the accordion Weyl points
in Se more challenging than in Te.
9FIG. 8. Electronic band structure of trigonal tellurium
in SG No. 152 (P3121), computed with the PBE functional.
The band crossings with accordion dispersions along the Γ–
∆–A line are symmetry enforced by the screw rotation C3,1
(see Sec. II).
B. Weyl nodal lines in Te16Si38
The tellurium-silicon clathrate Te16Si38 crystallizes in
two different forms. While the low-temperature form is
cubic, the high-temperature form is rhombohedral with
trigonal SG No. 161 (R3c) [70, 79]. According to our
analysis of Sec. III, materials in this SG exhibit Weyl
nodal lines that are protected by the glide mirror sym-
metry M110. In Fig. 9 we present the first principles
band structure (with PBE functional) of rhombohedral
Te16Si38 along high-symmetry paths of the kx = −ky
plane, which is left invariant by M110 [see also Fig. 10(f)].
We observe that along any path that connects a blue
TRIM to a red TRIM in the BZ of Fig. 3(d), 4n bands
form a connected group with many Weyl crossings. These
Weyl crossings are part of Weyl nodal lines that separate
the blue from the red TRIMs in the kx = −ky plane.
The stability of these Weyl nodal lines is guaranteed by
a pi-Berry phase, which by the bulk-boundary correspon-
dence gives rise to drumhead surface states [80]. In addi-
tion, the bands of rhombohedral Te16Si38 carry a nonzero
Berry curvature which becomes especially large close to
the Weyl nodal lines.
VI. CONCLUSIONS
In summary, we have performed a systematic analysis
of nonsymmorphic band crossings in nonmagnetic trigo-
nal materials with strong spin-orbit coupling. We have
found that among the 25 trigonal space groups, six sup-
port Weyl points, while three support Weyl nodal lines
(see Table I). The electronic bands at these Weyl points
and Weyl lines are required to cross due to nonsym-
morphic mirror or rotation symmetries alone, regardless
of the chemical composition and other material details.
FIG. 9. DFT-PBE band structure of rhombohedral Te16Si38
along high-symmetry paths of the kx = −ky plane of the
rhombohedral BZ [see Fig. 3(d)]. The band crossings are part
of Weyl nodal lines, which are protected by the glide mirror
symmetry M110.
Hence, these Weyl crossings occur in all bands of any ma-
terial crystallizing in the space groups listed in Table I.
Using this insight, we have performed a database search
and identified several existing materials that possess the
predicted topological band crossings, see last column in
Table I. The nontrivial topology of the band crossings in
these materials leads to a number of interesting and ex-
perimentally observable phenomena, e.g., arc and drum-
head surface states, anomalous magneto-transport prop-
erties, and anomalous Hall effects. Particularly inter-
esting are the nonsymmorphic band crossings and sur-
face states of tellurium (Figs. 8 and 11). We hope that
our findings will encourage experimentalists to study the
topological properties of these compounds.
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Appendix A: Additional band structure calculations
In this Appendix, we present additional band-structure
calculations for the example materials studied in Sec. V
of the main text. In Figs. 10(a), 10(b), and 10(c),
10
Cu2SrGeS4Cu2SrSnS4
Te16Si38Se Te 
(a) (b) (c)
(d) (e) (f)
Ag2HPO4
FIG. 10. (a), (b), (c) DFT band structures computed with the mBJ functional for Cu2SrSnS4, Cu2SrGeS4, and Ag2HPO4.
Along the Γ−∆−A line, these materials exhibit Weyl points with accordion dispersions. For a zoom in of the band structure
near the Weyl points see Sec. V A in the main text. (d), (e) DFT-PBE band structure of trigonal tellurium and selenium.
Along the Γ−∆−A direction there are groups of six connected bands, which cross at several Weyl points. (f) DFT-PBE band
structure for Te16Si38, which exibits Weyl nodal lines within the kx = −ky plane. For a zoom in of the band structure around
the Weyl nodal lines see Fig. 9 in the main text.
we present the full band structures of the materials
Cu2SrSnS4, Cu2SrGeS4, and Ag2HPO4, respectively,
which exhibit Weyl points along Γ − ∆ − A. These
Weyl points are symmetry enforced by the three-fold C3,p
screw rotations. In the chalcogenides Cu2SrSnS4 and
Cu2SrGeS4 the band gap is about 1.5 eV, while in the salt
Ag2HPO4 it is about 2.8 eV. This makes it challenging
to observe the Weyl points in photoemission or electron
tunneling experiments. However, it might be perhaps
possible to grow thin films of Cu2SrSnS4 and Cu2SrGeS4
on a conducting substrate to introduce charge carriers.
Figures 10(d) and 10(e) display the full band structures
of trigonal tellurium and selenium. Along the Γ−∆−A
line there are groups of six connected bands with accor-
dion dispersions. Since tellurium is metallic, it should
be possible to observe its accordion dispersion and Weyl
points using angle-resolved photoemission experiments.
Tellurium has many Weyl points also away from the
Γ − ∆ − A line, for example, at the H point [75, 76].
These give rise to numerous arc surface states, see Ap-
pendix B.
Figure 10(f) shows the full band structure of the
tellurium-silicon clathrate Te16Si38, which exhibits Weyl
nodal lines in the kx = −ky plane. We observe that along
the paths Γ−L, Γ−Z, and F−Z, the bands form groups
of 4n connected bands with Weyl crossings. These Weyl
crossings are part of nodal lines that separate Γ and F
from Z and L in the kx = −ky plane of the rhombohedral
BZ, see Fig. 4(d).
Appendix B: Surface states of tellurium
Trigonal tellurium has many Weyl points and associ-
ated arc surface states. In Fig. 11 we present the surface
state dispersion for the (-110) surface of Te [81]. The
labels of the high-symmetry points in the (-110) surface
BZ are given in Fig. 1(a). We observe that there are sev-
eral surface states emanating from the Weyl points near
the H point. Remarkably, these surface states cross the
entire surface BZ and lie within the bulk band gap, in
between the valence and conduction bands. Since their
energy is close to the Fermi level, they could play an
important role for the (re-)interpretation of the unusual
surface transport and photoemission measurements re-
ported in Refs. [82–84].
There are also arc surface states that are associated
with the accordion bands discussed in Sec. V A 0 c and
Fig. 8. For example, for the topmost Weyl point in the
valence bands at the energy E−EF = −1.072 (gray circle
in Fig. 8), we observe an arc state that disperses towards
the Γ˜ point.
11
e<latexit sha1_base64="5DsoB 68BkBCMvzS2bCA9iWko9go=">AAAB+HicbVDLSgNBEOz1GeMjqx69 DAbBU9hVQY8BL3qLYB6QLGF2tjcZMvtgZlaJS77EiwdFvPop3vwbJ 8keNLGgoajqprvLTwVX2nG+rZXVtfWNzdJWeXtnd69i7x+0VJJJhk 2WiER2fKpQ8BibmmuBnVQijXyBbX90PfXbDygVT+J7PU7Ri+gg5iFn VBupb1dI75EHqLkIMCcT0rerTs2ZgSwTtyBVKNDo21+9IGFZhLFmg irVdZ1UezmVmjOBk3IvU5hSNqID7Boa0wiVl88On5ATowQkTKSpWJ OZ+nsip5FS48g3nRHVQ7XoTcX/vG6mwysv53GaaYzZfFGYCaITMk2 BBFwi02JsCGWSm1sJG1JJmTZZlU0I7uLLy6R1VnPPa+7dRbV+W8RR giM4hlNw4RLqcAMNaAKDDJ7hFd6sJ+vFerc+5q0rVjFzCH9gff4AE +mSug==</latexit> e<latexit sha1_base64="5DsoB68BkBCMvzS2bCA9iWko9go=">AA AB+HicbVDLSgNBEOz1GeMjqx69DAbBU9hVQY8BL3qLYB6QLGF2tjcZMvtgZlaJS77EiwdFvPop3vwbJ8keNLGgoajqprvLTwVX2nG+rZXV tfWNzdJWeXtnd69i7x+0VJJJhk2WiER2fKpQ8BibmmuBnVQijXyBbX90PfXbDygVT+J7PU7Ri+gg5iFnVBupb1dI75EHqLkIMCcT0rerTs 2ZgSwTtyBVKNDo21+9IGFZhLFmgirVdZ1UezmVmjOBk3IvU5hSNqID7Boa0wiVl88On5ATowQkTKSpWJOZ+nsip5FS48g3nRHVQ7XoTcX/ vG6mwysv53GaaYzZfFGYCaITMk2BBFwi02JsCGWSm1sJG1JJmTZZlU0I7uLLy6R1VnPPa+7dRbV+W8RRgiM4hlNw4RLqcAMNaAKDDJ7hFd6 sJ+vFerc+5q0rVjFzCH9gff4AE+mSug==</latexit> e<latexit sha1_base64="5DsoB68BkBCMvzS2bCA9iWko9go=">AA AB+HicbVDLSgNBEOz1GeMjqx69DAbBU9hVQY8BL3qLYB6QLGF2tjcZMvtgZlaJS77EiwdFvPop3vwbJ8keNLGgoajqprvLTwVX2nG+rZXV tfWNzdJWeXtnd69i7x+0VJJJhk2WiER2fKpQ8BibmmuBnVQijXyBbX90PfXbDygVT+J7PU7Ri+gg5iFnVBupb1dI75EHqLkIMCcT0rerTs 2ZgSwTtyBVKNDo21+9IGFZhLFmgirVdZ1UezmVmjOBk3IvU5hSNqID7Boa0wiVl88On5ATowQkTKSpWJOZ+nsip5FS48g3nRHVQ7XoTcX/ vG6mwysv53GaaYzZfFGYCaITMk2BBFwi02JsCGWSm1sJG1JJmTZZlU0I7uLLy6R1VnPPa+7dRbV+W8RRgiM4hlNw4RLqcAMNaAKDDJ7hFd6 sJ+vFerc+5q0rVjFzCH9gff4AE+mSug==</latexit> e<latexit sha1_base64="5DsoB68BkBCMvzS2bCA9iWko9go=">AA AB+HicbVDLSgNBEOz1GeMjqx69DAbBU9hVQY8BL3qLYB6QLGF2tjcZMvtgZlaJS77EiwdFvPop3vwbJ8keNLGgoajqprvLTwVX2nG+rZXV tfWNzdJWeXtnd69i7x+0VJJJhk2WiER2fKpQ8BibmmuBnVQijXyBbX90PfXbDygVT+J7PU7Ri+gg5iFnVBupb1dI75EHqLkIMCcT0rerTs 2ZgSwTtyBVKNDo21+9IGFZhLFmgirVdZ1UezmVmjOBk3IvU5hSNqID7Boa0wiVl88On5ATowQkTKSpWJOZ+nsip5FS48g3nRHVQ7XoTcX/ vG6mwysv53GaaYzZfFGYCaITMk2BBFwi02JsCGWSm1sJG1JJmTZZlU0I7uLLy6R1VnPPa+7dRbV+W8RRgiM4hlNw4RLqcAMNaAKDDJ7hFd6 sJ+vFerc+5q0rVjFzCH9gff4AE+mSug==</latexit> e<latexit sha1_base64="5DsoB68BkBCMvzS2bCA9iWko9go=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9hVQY8BL3qLYB6QLGF2tjc ZMvtgZlaJS77EiwdFvPop3vwbJ8keNLGgoajqprvLTwVX2nG+rZXVtfWNzdJWeXtnd69i7x+0VJJJhk2WiER2fKpQ8BibmmuBnVQijXyBbX90PfXbDygVT+J7PU7Ri+gg5iFnVBupb1dI75EHqLkIMCcT0rerTs2ZgSwTtyBVKNDo21+9IGFZhLFmgirVdZ1UezmVmjOBk3IvU5hSNqI D7Boa0wiVl88On5ATowQkTKSpWJOZ+nsip5FS48g3nRHVQ7XoTcX/vG6mwysv53GaaYzZfFGYCaITMk2BBFwi02JsCGWSm1sJG1JJmTZZlU0I7uLLy6R1VnPPa+7dRbV+W8RRgiM4hlNw4RLqcAMNaAKDDJ7hFd6sJ+vFerc+5q0rVjFzCH9gff4AE+mSug==</latexit>
FIG. 11. Energy dispersion of the surface states of trigonal
tellurium for the (-110) surface along high-symmetry momen-
tum directions, cf. Fig. 1(a). The color grading indicates the
surface density of states, with yellow and black correspond-
ing to high and low densities, respectively. The gray circle
denotes the projected position of the Weyl point at the en-
ergy E − EF = −1.072 eV, see Fig. 8.
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